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Abstract  Some kinds of naive Bayes style networks have 
been proposed, such as the multinomial naive Bayes, 
possibilistic naive Bayes and fuzzy Gaussian naive Bayes. 
However, a general formulation for a naive Bayes style fuzzy 
probabilistic network was not proposed yet. In this paper, we 
proposed a formulation for this kind of supervised classifier, 
using random variables without specifying any statistical 
distributions. This approach can be useful for classification 
purposes, when random variables can have different 
statistical distributions. A brief discussion about applications 
for data classification from health sciences is provided too. 
 
Index Terms  Classification, Fuzzy Probability, Fuzzy Sets, 
Naive Bayes 

INTRODUCTION 

There are several kinds of Naive Bayes Networks for 
classification purposes, as: multinomial naive Bayes, 
possibilistic naive Bayes and fuzzy Gaussian naive Bayes. 
They are applied in the solution of a large number of 
problems in various areas of human knowledge, such as  
medical diagnostic decision support [27][28], classification of 
injury narratives [29], training assessment 
[12][13][14][15][16][17][18], decision making [8], medical 
diagnosis [7], machine learning [10], speech recognition [20] 
and others [1][5][24][25][26]. 
A general formulation which can unify the probabilistic and 
fuzzy version of Naive Bayes classifier using probability of 
fuzzy events was not found in the literature. This paper has as 
goal present present a possible formulation for that.  

THEORECTICAL REVIEW 

In this Section, theorectical aspects of some kinds of naive 
Bayes style networks are presented: classical naive Bayes and 
the versions for Gaussian distribution, Gaussian mixture 
models and modified naive Bayes. Fuzzy versions of naive 
Bayes are presented too. These formulations are presented in 
order to facilitate the understanding of the generalized 
version that will be presented in the next section. 

Naive Bayes Method 

Formally, let be the classes of performance in space of 
decision ={1,...,M} where M is the total number of classes 
of performance. Let be wi, i   the class of performance for 
an user. A Naive Bayes classifier [3] computes conditional 
class probabilities and then predict the most probable class of 
a vector of training data X, according to sample data D, where 
X is a vector with n features obtained when a training is 

performed, i.e. X={X1, X2, …, Xn}. Using the Bayes Theorem 
[21]: 
 
       P(wi | X) = [P(X | wi) P(wi)] / P(X) 
 P(wi | X1, X2, …, Xn) =  
     =  [P(X1, X2, …, Xn \ wi) P(wi)] / P(X)                    (1) 
 
However, as P(X) is the same for all classes wi, then it is not 
relevant for data classification and can be rewritten as: 
 

P(X | wi) P(wi) = P(X1, X2, …, Xn \ wi) P(wi)           (2) 
 
The equation (2) is equivalent to the joint probability model: 
 

P(X1, X2, …, Xn \ wi) P(wi) = P(X1, X2, …, Xn , wi)     (3) 
 
Now, using successive applications of the conditional 
probability definition over equation (3), can be obtained: 
 
P(X1, X2, …, Xn , wi) = P(wi) P(X1, X2, …, Xn \ wi) = 
= P(wi) P(X1 \ wi) P(X2, …, Xn \ wi , X1) 
= P(wi) P(X1 \ wi) P(X2 \ wi , X1) P(X3, …, Xn \ wi , X1, X2) 
... 
= P(wi) P(X1 \ wi) P(X2 \ wi , X1) ... P(Xn \ wi , X1, X2 ,…,Xn-1) 
 
The Naive Bayes classifier receives this name because its 
naive assumption of each feature Xk is conditionally 
independent of every other feature Xl , for all k  l  n. It 
means that knowing the class is enough to determine the 
probability of a value Xk. This assumption simplifies the 
equation above, due to: 
 

P(Xk \ wi , Xl) = P(Xk \ wi)                         (4) 
 
for each Xk and the equation (3) can be rewritten as: 
 
       P(X1, X2, …, Xn , wi) =  
= P(wi) P(X1 \ wi) P(X2 \ wi)... P(Xn \ wi)                     (5) 
 
unless a scale factor S, which depends on X1, X2, …, Xn. 
Finally, equation (1) can be expressed by:  
 

 P(wi | X1, X2, …, Xn) = (1/S) P(wi)  n 
k=1   P(Xk \ wi)   (6) 

 
Then, the classification rule for Naive Bayes is done by: 
 

X  wi   if   P(wi | X1, X2, …, Xn) > P(wj | X1, X2, …, Xn) 
    for all i  j and i, j            (7) 
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and P(w* | X1, X2, …, Xn) with * = {i, j | i, j  }, is done by 
(6). 
It is important to notice this formulation is general. The 
equation (6) can be used with  several kinds of random 
variable X. in particular, X can assume multinomial 
distribution or it can be a discrete random variable.  
To estimate parameters for P(Xk \ wi) for each class i, it was 
used a maximum likelihood estimator, named Pe: 
 

Pe(Xk \ wi)= #( Xk , wi) / #( wi)                    (8) 
 

where #( Xk , wi) is the number of sample cases belonging to 
class wi in all sample data D and having the value Xk , #( wi) 
is the number of sample cases that belong to the class wi in all 
sample data D. 

Gaussian Naive Bayes Method 

As mentioned above, the NB Method must be applied over 
discrete or multinomial variables. However, its independence 
assumptions can be applied on variables, which can assume 
other statistical distributions. Some approaches were 
developed to use NB Method with continuous variables, as 
several discretization methods [7][30] were used in the first 
stage to allow the use of the Naive Bayes method after.  
However, this approach can affect classification bias and 
variance of the NB method [31]. Other approach is use 
Gaussian distribution for X and to compute its parameters 
from D, i.e., mean vector and covariance matrix [10]. From 
equation (6) and using some mathematical simplification, it is 
possible to reduce computational complexity of that equation 
[15]: 
 

log [P(wi | X1, X2, …, Xn)]  

= log [(1/S) P(wi)  n 
k=1   P(Xk \ wi)] 

= log (1/S) + log P(wi) +  n 
k=1   log[P(Xk \ wi)]      (9) 

 
As S is a scale factor, it is not necessary be computed in 
classification rule for GNB. Then: 
 

X  wi   if  {log P(wi) +  n 
k=1   log[P(Xk \ wi)]} >        

> {log P(wj) +  n 
k=1   log[P(Xk \ wj)]} 

for all i  j and i, j   (10) 

 
Based on the same space of decision with M classes, all 
conditional class probabilities are computed and then predicts 
the most probable class of a vector of training data X, 
according to sample data D. The parameters are estimated 
from data and the conditional probabilities are estimated 
using equation (9) and the final decision about vector of 
training data X is done by equation (10) [14]. 

Naive Bayes Network Modeled by Gaussian Mixture 
Models 

In several cases, statistical distributions of data cannot be 
assumed as Gaussian distributions (univariate or 
multivariate). Among others, a possible solution is modelling 

them using mixture models [9]. This section presents the 
GMM method, which is described as a maximum likelihood 
classifier. We follow [8][16][26] and Machado and Moraes  
explanations about GMM algorithm.  
Let a feature Xk from previous section, where k={1,...,n} for 
the class of performance wi for an user. This feature can not 
assume a classical statistical distribution, but it can be 
modeled by a mixture of c Gaussian distributions. Thus, let 
Xk ={x1, x2,...,xT} be a set of T vectors obtained from a 
feature k, which is measure during the training for that wi. 
Since the distribution of these vectors is unknown, it is 
modeled as the weighted sum of c component densities, given 
by: 
 

p(xt  | wi,) = c
j=1  j Nwi (xj, j, j),             (11) 

 
where t=1,...,T,  denotes a prototype consisting of a set of 
model parameters  ={j, j, j}, j, j=1,...,c are the mixture 
weights and Nwi(xj, j, j) are T-variate Gaussian component 
densities with mean vectors j and covariance matrices j: for 
the class of performance wi. 
 

Nwi(xt, j, j) = exp {(-1/2)(xt - j)’ j
-1 (xt - j)} /  

(2)d/2 |j |1/2            (12) 
 
To train the GMM, those parameters are estimated such that 
they best match the distribution of Xk for the class of 
performance wi. The maximum likelihood estimation is 
widely used as a training method. For a sequence of training 
vectors Xk for a , the likelihood of the GMM is done by: 

 
p(Xk | wi,) = T

t=1  p(xt | wi,)                        (13) 
 

The aim of maximum likelihood estimation is to find a new 
parameter model  such that p(Xk |)  p(Xk |). Since the 
expression in (6) is a nonlinear function of parameters in , 
its direct maximization is not possible. However, these 
parameters can be obtained iteratively using the Expectation-
Maximization algorithm [3]. In this algorithm, an auxiliary 
function Q is used as follows: 
 

Q(,)=T
t=1 c

i=1 p( wi | xt, )  
log [ j Nwi(xt,j,j)] (14) 

 
where p(wi | xt, ) is the a posteriori probability for 
performance class wi, i=1,...,M and satisfies 

 
p(wi | xt, ) = [ j Nwi(xt, j, j)] / {c

k=1  k Nwi(xt, k, k)}   
 (15) 

 
The Expectation-Maximization algorithm is such that if 

Q(,)  Q(,) then p(Xk |)  p(Xk |) [20]. The setting of 
derivatives of Q function with respect to  to zero, found the 
following reestimation equations: 

 
j = 1/T  Tt=1  p(wi | xt, )           (16) 
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j =  Tt=1 [ p(wi | xt, )xt ] / [ Tt=1 [ p(wi | xt, )]   (17) 

 
j ={ Tt=1 [ p(wi | xt, )(xt-j) (xt-j)’} /  

[ Tt=1 [ p(wi | xt, )] (18) 
 
The algorithm for training a GMM is described as 

follows: 
 
 Geenerate the a posteriori probability p(wi | xt, ) at 

random satisfying (15); 
 Compute the mixture weight, the mean vector, and 

the covariance matrix following (16), (17) and (18); 
 Update the a posteriori probability p(wi | xt, ) 

according to (8) and compute the Q function using 
(14); 

 Stop if the increase in the value of the Q function at 
the current iteration, relative to the value of the Q 
function at the previous iteration, is below a chosen 
threshold; otherwise go to step 2. 

 
After parameters have been estimated, individual 

probabilities p(Xk |) can be obtained from (13) using model 
parameters  and for each feature k. Thus, equation (6) can be 
rewriten as: 

 

P(wi | X1, X2, …, Xn) = (1/S) P(wi)  n 
k=1   P(Xk | wi,k)  

     = (1/S) P(wi)  n 
k=1    Tt=1  p(xtk | wi,k) 

   = (1/S) P(wi)  n 
k=1    Tt=1  [ c

j=1  j Nwi (xjtk, jk, jk)]. 
(19) 

 
Finally, the assessment rule for Naive Bayesian 

Network, where each variable is modeled by a Gaussian 
Mixture Model is done by (6), where P(wi | X1, X2, …, Xn) is 
given by (19). 

Modified Naive Bayes 

In some cases, the problem present quantitative and 
qualitative variables simultaneously [5] and to compute its 
parameters from D. Formally, let be Xcat={X1, X2, …, Xc}, c 
(0cn) categorical or discrete variables obtained from 
training data, as in classical Naive Bayes and Xcont={Xc+1, 
Xc+2, …, Xn}, n-c continuous variables, obtained from training 
data too. Thus, X is a vector with n features, with 
X=XcatXcont. Now, the equation (6) can be rewritten as [3]: 

 
P(wi | X1, X2, …, Xn) = 

=(1/S) P(wi)  c 
k=1   P(Xk \ wi)  n 

k=c+1   P(Xk \ wi) 
(20) 

 
The equation (20) defines the Modified Naive Bayes (MNB) 
method. Categorical variables can be modeled by 

multinomial distributions. Discrete variables can be modeled 
by count of events in sample data D or by a discrete statistical 
probability distributions. The continuous variables can be 
modeled by probability density functions. All these 
distributions models can be adjusted and verified by 
statistical tests over the data [11]. 
Based on the same space of decision with M classes, a MNB 
method computes conditional class probabilities and then 
predicts the most probable class of a vector of training data X, 
according to sample data D. The parameters of MNB method 
are learning from data. The final decision about vector of 
training data X is done by equation (7), where P(w* | X1, X2, 
…, Xn) with * = {i, j | i, j  }, is done by (20) [13]. 

Fuzzy Naive Bayes 

Several authors proposed versions of Fuzzy Naive Bayes 
method. Tang et al. [23] proposed a Fuzzy Naive Bayes 
method with two stages: in the first one, a fuzzy clustering 
algorithm determines partitions in space of decision. In the 
second stage, the partitions obtained in the first stage are used 
to estimate the parameters for linguistic variables. With that 
methodology, it is possible to use continuous variables and to 
decrease the learning complexity of Naive Bayes method. In 
another paper, Tang et al. [24] analyses the model 
identification using weighted fuzzy production rules. After 
that, the accuracy of fuzzy production rules is investigated 
using genetic algorithms [25]. 
Other approaches were used for fuzzy models of Naive Bayes 
method. Borgelt [1] extended the Naive Bayes method to 
manipulate some kinds of fuzzy information. Nurnberger [19] 
made mappings from Naive Bayes method to a NEFCLASS 
modified algorithm to improve the first one. Borgelt [2] use 
Fuzzy Maximum Likelihood Estimation [6] to determine 
fuzzy partitions. 
There is a third approach, in which fuzzy discretization 
methods [30] were used in the first stage to allow use Naive 
Bayes method after. However, this approach can affect 
classification bias and variance of Naive Bayes method. 
Störr [22] proposed another approach which has some 
advantages: is fast; is able to work with few training 
examples; is able to deal with missing attributes; can be used 
for incremental learning and if all fuzzy membership 
functions assume values in {0;1}, that approach has the same 
behavior than Naive Bayesian classification algorithm. 
Based on the same space of decision with M classes, the 
Fuzzy Naive Bayes method computes conditional class 
probabilities and then predict the most probable class of a 
vector of training data X={X1, X2, …, Xn}, according to 
sample data D. In this case, it is assumed each Xk, k=1,...,n, is 
a linguistic variable and it is expressed by linguistic values, 
with normalized membership functions i(Xk), where 
i=1,…,M. Those functions in Fuzzy Naive Bayes method 
[22] are interpreted as conditional information of class wi 
done by a variable Xk. Then, let X = { X1 = A1i, …, Xn = Ani } 
and using Bayes: 
 

P(wi \ X) = [P(X \ wi) P(wi) i(X)]/P(X)             (21) 
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As before, the Naive Bayes method assumes conditionally 
independent among the events in X. It modifies the equation 
(21) to: 
 

P(wi \ X) = (1/S) P(wi)  n 
k=1   [P(Xk \ wi) i(X)]    (22) 

 
Then, the classification rule for Fuzzy Naive Bayes is done 
by: 
 

X  wi if: P(wi \ X) > P(wj \ X),  
                             for all i  j and i, j   

 
where P(wi \ X) = P(wi \ X1 = A1i, …, Xn = Ani), is done by 
(22) [14]. 

GENERAL FUZZY PROBABILISTIC NAIVE BAYES 

As mentioned before, a general formulation for a naive Bayes 
style fuzzy probabilistic network was not proposed yet. In 
this paper, we proposed a formulation for this kind of 
supervised classifier, using random variables without 
specifying any statistical distributions. This approach can be 
useful for classification purposes, when random variables can 
have different statistical distributions. 

A New Formulation 

Zadeh proposed the probability measure for fuzzy events 
[32]. The probability space is a triplet (Rn, B, P), where B is 
the -field of Borel sets in Rn and P is a probaility measure 
over Rn. Let A in B be a fuzzy event, with a membership 
function A: Rn → [0,1], then the probability of a fuzzy event 
A is defined by the Lebesgue-Sieltjes integral: 
 

P(A) =  A  dP = Rn  A (x)  dP = E(A)           (24) 
 
Then, the probability of a fuzzy event is the expectation of its 
membership function [32]. The equation (24) can be written 
as: 
 

P(A) =  Rn  A (x)  P(x)  dx                     (25) 
 
As the membership function for a crisp event is equal to the 
characteristic function, then the equation (25) can be changed 
for: 
 

P(A) =  Rn  P(x)  dx                          (26) 
 
Therefore, the equation (6) for Generalized Naive Bayes 
method can be written as: 
 

P(wi | X1, X2, …, Xn) = (1/S) P(wi)  n 
k=1   P(Xk \ wi)  (27) 

 
This expression is a generalization of naive Bayes method, 
where P() can be done by equation (25) or (26). Then, using 
(27), the new classification rule from equation (7) for 
Generalized Naive Bayes is given by: 
 

X  wi   if   P(wi | X1, X2, …, Xn) > P(wj | X1, X2, …, Xn) 

    for all i  j and i, j          (28) 
 
According to the statistical distribution which X assumes, all 
equations above for Gaussian Naive Bayes Method (eq. 9 and 
10), Naive Bayes Network Modeled by Gaussian Mixture 
Models (eq. 19), Modified Naive Bayes (eq. 20), Fuzzy 
Naive Bayes (eq. 22 and 23) can be easily  rewritten. Other 
versions of Naive Bayes, which can be found in the literature, 
can be also generalized using the same idea. 

APPLICATIONS 

Data classification is a technique which can be used in 
several areas of human knowledge. In particular, in health 
sciences use classification for many purposes. medical 
diagnostic decision support, classification of injury 
narratives, skills  assessment in medical training, medical 
diagnosis and others. 
In Epidemiology, results obtained from Naive Bayes 
classifiers or its derived forms can help decision makers to 
redefine or create public policies, reassign people to reinforce 
the staff working in priority areas and create specific profiles 
for diseases and/or patients. 
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